We develop a forward modelling algorithm for computing time domain electromagnetic responses for conductive, permeable bodies in the low frequency regime. Both physical properties can be highly discontinuous. The parameter regimes considered give rise to highly stiff problems in the time domain and an implicit method, backward Euler, is used for time-stepping. At each time step the electromagnetic equations are solved in a stable manner by using a Helmholtz decomposition of the electric field to convert to potentials, and then discretizing in space by using a finite volume formulation. The final system is solved using a biconjugate gradient solver with preconditioning. Numerical comparisons are made against a 1d semi-analytic solution for a conductive permeable half-space, and a 3d integral equation solution for a block in a halfspace.
Summary
We develop a forward modelling algorithm for computing time domain electromagnetic responses for conductive, permeable bodies in the low frequency regime. Both physical properties can be highly discontinuous. The parameter regimes considered give rise to highly stiff problems in the time domain and an implicit method, backward Euler, is used for time-stepping. At each time step the electromagnetic equations are solved in a stable manner by using a Helmholtz decomposition of the electric field to convert to potentials, and then discretizing in space by using a finite volume formulation. The final system is solved using a biconjugate gradient solver with preconditioning. Numerical comparisons are made against a 1d semi-analytic solution for a conductive permeable half-space, and a 3d integral equation solution for a block in a halfspace.
The Forward Problem
The time-dependent Maxwell equations can be written as
, where E and H are the electric and magnetic fields, µ is the permeability, σ is the conductivity, is the permittivity and sr is a source. The boundary conditions used for our experiments over the entire boundary of the spatial domain, ∂Ω, are
although other boundary conditions could be introduced. We first discuss the discretization in time.
Discretization in time
In order to select a method for the time discretization of (1) we first note that given typical earth parameters, over very short time scales (0 − 10 −7 sec) Maxwell's equations represent wave phenomena, while over longer times the equations tend to have heavy dissipation. Thus, the equations are very stiff (Ascher and Petzold, 1998) . With explicit methods one must take extremely small steps in order to retain stability for such a problem. We therefore turn to implicit methods.
Common methods for very stiff equations are based on backward differentiation formulas (BDF) or on collocation at Radau points (Ascher and Petzold, 1998; Hairer and Wanner, 1991; Bastian, 1999; Heling, 1998; Turek, 1999) . These methods have stiff decay (or, are L-stable) whereas conservative methods such as midpoint or trapezoidal are only A-stable. The latter exhibit oscillatory behavior unless the initial fast layer of the solution is resolved, while BDF or Radau methods strongly attenuate high frequencies of the error. Thus, even if the initial layer is skipped (by taking a time step which is larger than its width) an accurate solution may be obtained away from this layer.
The above discussion may suggest using backward Euler at the data points, switching to a more accurate BDF or Radau method between the data time locations. In our case, resolving the initial layer where the fields change rapidly is not necessary because the measurements are typically taken at late times (t > 10 −7 sec). Therefore, it is natural to use a BDF or Radau type method for the solution of the forward problem, as this will result in more efficient computing procedures.
The simplest member of both these families of stiff integrators is the backward Euler method. It is only first order accurate; however, most geophysical systems produce sources which are merely continuous in time globally. This implies that the electric and magnetic fields are only once differentiable and no advantage is obtained by using a higher order discretization in time regions of lower smoothness.
In our case we consider measurements at most discretization times, and therefore we simply use backward Euler for the discretization of the problem. This leads to the following system of equations semi-discretizing (1), (2) over a time step [tn−1, tn] . Letting length αn = (tn − tn−1) −1 , the equations become
The superscripts in (3) denote the time level, with solution quantities at n being unknown.
This system requires initial conditions for both E and H. If the source is zero before the initial simulation time then E 0 = H 0 = 0. However, if the source is assumed static before time zero, then E 0 = ∇φ 0 and we need to calculate [φ 0 , H 0 ] by solving the electro-and magnetostatic problems. This would yield a consistent initialization (Ascher and Petzold, 1998; Hairer and Wanner, 1991) . Here we have used the method proposed in (Haber, 2000) for the solution of the static problems.
Reformulation
The semi-discrete system (3) can be written as
Let us denoteσ = σ + α . As discussed in Haber and Ascher(2001) and Haber et al(2000) , this form is not favorable for iterative solvers, especially when |ασ| is small (for example in the air, with a large time step). We therefore reformulated the problem prior to discretizing it further such that it is more amenable to applying standard iterative solvers Haber and Ascher, 2001) .
A Helmholtz decomposition with Coulomb gauge is applied, decoupling the curl operator:
After adding a stabilization term and differentiating (see (Haber and Ascher, 2001) ), this leads to the system
in Ω, subject to
on the boundary ∂Ω. This system is discretized next.
Discretization in space and solution of the discrete system
Following Haber and Ascher (2001) and Haber et al (2000), we use a finite volume approach for the discretization of (4) on an orthogonal, staggered grid. We choose to discretize A on cell faces and φ at cell centers. Note that the modified conductivityσ is averaged harmonically at cell faces, whereas the permeability is averaged arithmetically at edges (Haber and Ascher, 2001 ).
We write the fully discretized system as
where ∇ h · , ∇ h × and ∇ h are matrices arising from the discretization of the corresponding continuous operators, Mσ arises from the operatorσ(·) and Lµ is the discretization of the operator
This linear system can be solved using standard iterative methods (Saad, 1996) and effective preconditioners can be designed for it Aruliah and Ascher, 2002) . Briefly, for small enough αn the system is dominated by its diagonal blocks and therefore a good preconditioner can be obtained by using an approximation of the matrix
It is possible to use one multigrid cycle or an Incomplete LU factorization (ILU) of (6) to obtain an effective preconditioner.
For a larger αn (after appropriate scaling) the above preconditioner may not suffice and a block preconditioner (or its approximation) of
is better. Here we have used the ILU for the approximation of the main blocks of (7). It must be understood, though, that our entire discretization is not suitable for high frequency parameter regimes or where wave phenomena dominate, and we do not propose to compensate for such inadequacy by manipulating preconditioners.
Formulating the forward problem
In anticipation for solving the inverse problem it is convenient to write our time domain problem in a simple format so that one forward modelling provides the fields at all times.
Notice that the source term for the time domain problem is
and that from Maxwell's equations we have
Thus, we can write the problem in a block bidiagonal structure for A, φ, H as 
Numerical Tests
In order to verify the numerical solutions of the forward problem we compare our codes to other existing codes. As a first example we compute the vertical component of the magnetic field due to a step off current in a loop source on the surface of a conductive and magnetic permeable halfspace. The conductivity is .01 S/m and the magnetic permeability 1.0 SI. In Figure 1 we show the responses due to a step-off current. Our time domain results are compared to those generated from a frequency domain 1d algorithm in which the conversion to time has been carried out by using a digital filter (Christensen, 1990 ). In a second example we generate the time domain responses due to a conductive block. The source is a 1 km × 1 km loop that is 500 m from the edge of the block. The vertical component of the magnetic field, generated from a step-off current, is plotted at a sequence of times ranging from 20 µsec to 12 msec (a 10 channel UTEM system with base frequency of 31 Hz). Figure 2 shows the model and magnetic field values along an eastwest traverse over the conductive block. The results agree well with those obtained from an integral equation code SYSEM (Xiong, 1992 ). 
Discussions
We have developed a forward modelling algorithm to compute the time domain electromagnetic responses for conductive media and permeable media. This algorithm forms the foundation for solving the time domain inverse problems which is addressed in a companion abstract.
